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Abstract

Structure refinement may be considered as a minimiz-
ation of a function R(x) of alarge number of refineable
parameters. A new type of function incorporating
phase probability distribution is proposed. The
minimization of the function utilizing gradient
methods requires the computation of gradient VR, as
well as the product of the gradient and the matrix of

second derivatives with some direction. The algorithm

of Kim, Nesterov & Cherkassky [ Dokl. Akad. Nauk
SSSR (1984), 275, 1306-1309] adapted to macro-
molecular structure refinement takes about four
times longer for the computation of these values
compared to the computation of the value of the
minimized function. The matrix of second derivatives
is used without any approximation.

Introduction

The refinement of a structure implies that there is a
model with parameters to be changed until they most
. closely fit X-ray scattering data, stereochemical
restraints, energy minimum conditions etc. The
refinement proper should be distinguished from the
elaboration of its instrumental part, that is computer
programs. And if for the former the most important
are the researcher’s experience and intuition, the
latter puts more emphasis on the ‘computer’ problems
such as efficiency of the algorithms, user’s con-
venience etc. Different approaches to refinement of
macromolecular structures have computational
similarities, so that it becomes possible to solve most
general problems of developing the corresponding
~ programs.
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The large number of refineable parameters is an
essential feature of macromolecular structure refine-
ment. This involves considerable computational
difficulties, therefore routinely applicable algorithms
need computation increasing linearly with the size of
the refineable object. The Cooley-Tukey (1965)
algorithm based on the fast Fourier transform and
the fast differentiation algorithm developed by Kim,
Nesterov & Cherkassky (1984) allow a general
algorithm for model refinement whose computation
per cycle increases almost linearly with the size of
molecule. In § 2 we consider the algorithm construc-
ted by Kim et al, in which the n components of the
gradient of a function f(x,, ..., x,) require much the
same computation as the single function. Note that
an algorithm of this type for some particular criterion
used in refinement of atomic models was earlier pro-
posed by Agarwal (1978) and later improved by
Lifshitz (Agarwal, 1981). In §3 we show how to
develop similar algorithms for every criterion and
refineable parameter. It should be emphasized that
these rapid algorithms compute the accurate product
of a full second-derivative matrix and a direction
without any approximation. Application of the
routine based on these algorithms will be considered
elsewhere.

1. Problem of the atomic model refinement
1.1. Atomic models

In this paper we consider only the models where
the distribution of electron density can be a sum of
the contributions of individual atoms

p(r) =X p;(r, q;).
© 1985 International Union of Crystallography

(1)
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Here q; ={g;.} are refineable parameters determining
the contribution of an atom to the electron density
and p;(r, q;) are the known functions describing this
contribution. For instance, it is common to determine
the contribution of a single atom by four parameters:
isotropic thermal motion parameter B; and atomic
coordinates r; = (x;, y;, z;); here q; = (B}, x;, ;, z;). The
function p;(r,q) is usually described by a sum of
Gaussians.

We write q = {q;} for the parameters of all the atoms
contributing to p(r) = p(r, q) and call them the atomic
parameters.

Sometimes, to impose rigorous stereochemical
restraints on the atomic parameters q, one describes
a model by generalized parameters x = (X1, ..., Xn)-
These are, for example, dihedral angles 6; (Diamond,
1971) or parameters of some ‘rigid’ molecular frag-
ments (Sussman, Holbrook, Church & Kim, 1977;
Sussman, 1981). In this paper the generalized param-
eters are only used to restore all the atomic param-
eters so that we can apply (1) to calculate the electron
density in the cell. The transform of the generalized
parameters into the atomic ones is assumed to be
done by functions

q; =q;(x)- 2)

1.2. Refinement criteria

Qualitative criteria may be expressed by different
characteristics of a refined model such as generalized
parameters X, atomic parameters q, electron density
p(r) and structure factors

f(s) = f exp (ip,) = f& + i)

= J p(r)exp[2wi(s,r)]dV,.  (3)
v
A few examples will illustrate most usable criteria of
different types.
Reciprocal-space refinement (Agarwal, 1978).

RxIf()1=% wlfi(x) —fP=>min,  (4)

where f2™ are the experimental structure-factor
modules and w; are the preset weights.
Real-space refinement ( Diamond, 1971).
R[p(x)1=X[p(r,x)~p°™(1)=>min, (5)
where p°™(r) is an electron density distribution that

is treated as ‘observed’.
Energy refinement (Warme & Scheraga, 1974).

Relq(x)]=min, (6)

where Rg can be interpreted either as the conforma-
tion energy or as a penalty function for the violated
stereochemical standards. Generally, one uses sum-
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marized criteria, such as, for example,

aRx[f(x)]1+ BRe[q(x)]=>min @)

(Jack & Levitt, 1978; Hendrickson & Konnert, 1980).

Usually, a criterion requires an amount of compu-
tation depending upon which characteristics of the
model it is expressed by. The most difficult is to
calculate a criterion expressed by structure factors
f(s), because these need themselves more computa-
tion than the values of the electron density distribu-
tion p(r). It is this criterion that we shall consider in
§ 3. To adapt the algorithms to other criteria, one
only needs to exclude several steps.

1.3. Inclusion of the phase information into the criterion

The use of the information on structure-factor
phases obtained in some way can enhance the
efficiency of refinement. In the early stages of protein
X-ray structure analysis the phase information is
essentially based on additional experiments with
heavy-atom derivatives. Inclusion of the information
in the refinement means that additional experimental
data are used. In the next stages the phase information
may accumulate some supplementary knowledge
about the structure (atomicity, electron density non-
negativity, non-crystallographic symmetry etc.).

Normally, we do not know a single value of the
phase but rather are restricted to a phase probability
distribution P,(¢,s) for the values of the phase ¢,.

This may be represented in the general form

P,(¢,s)=exp {Ascos ¢ + B;sin ¢
+ C; cos 2¢ + D;sin 2¢} (8)

(Hendrickson & Lattman, 1970), here A,, B,, C; and
D, are constants determining this distribution.
Assuming the experimental estimate of the intensities
I,=f? gives a normally distributed error with a zero
mean and dispersion o3(s), we obtain a probability
distribution for f; with the density

P(f,s)=exp {-[fJ = (fS™)T /207 )}

If now f; and ¢, are supposed to be mutually indepen-
dent, the joint probability distribution will be

H Pf(.fs’ S)qu(gosa S)

= exp {— Y [1/203) 1S = (f3>)°F
+[ A cos @+ B, sin ¢
+ C, cos 2¢s+ D, sin 2(ps]} , 9)

i.e.the most probable is the model where the following
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value is minimal
Rx[f(X)]

=¥ {[1/263fe(0 — (f)T

—[As cos @4(x) + By sin ¢i(x)
+ C, cos 2¢4(x) + D, sin 2¢,(x)]}.  (10)

The use of this function in the course of refinement
is advantageous in many respects. Firstly, we take
into consideration the additional phase information.
Secondly, we can change ¢ (x) based on the reliability
of this information. In the course of refinement we
may use, in particular, structure factors with undeter-
mined phases by setting A;=B;=C,=D,=0.
Thirdly, using (10), we can take account of the multi-
modality of the probability distributions for the phase
¢, which is impossible with the criterion

Z ws( Ps— qong)Z

(Rees & Lewis, 1983) where the phases are associated
with a single chosen value of 2%, As will be seen
from further discussion, the computation by (10) is
not more complicated than with (4).

(11)

2. Fast differentiation algorithm
2.1. Gradient computation

In minimizing a complex function of a large num-
ber of variables, the gradient seems much more
difficult to compute than the function f(x) itself. For
instance, in the well known method of numerical
differentiation

af/8x;=[f(x+h;) —f(x)]/ h,
b;=(0,...,0,h,0,...,0), (12)

the gradient requires 2n computations of the function.
On thorough examination, one can find simpler ways
of computing this (see, for example, Agarwal, 1978).
But this approach based mainly on intuition and ‘luck’
is not the best. Thus, Agarwal’s algorithm has been
greatly improved by Lifshitz (Agarwal, 1981).

Kim et al. (1984) have recently shown that for any
f(x) the gradient can be computed in much the same
time as the function. In particular, two points here
are noteworthy. Firstly, this algorithm deals only with
the exact computation of V£, without any approxima-
tion. Secondly, it gives detailed indications of how
to obtain ‘fast’ routines for the computation of Vf,
making this process almost ‘self-running’.

The algorithm of Kim et al. computes the gradient
in not more time than CT(f), where T(f) is the time
for calculation of f(x) and C is a rather small constant
(of order 2-4) independent of n. We do not specify
the value of C, mention only that if this algorithm is
applied to refinement of macromolecular structures
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the computation of all the values of f(x), af/de, Vf
and Vfe will take time of the order of 4T(f), i.e. the
‘mean time’ is almost equal to that needed for the
calculation of f(x).

A convenient form of the fast differentiation
algorithm will be shown below.

The main idea of the fast gradient computation for
a function f(x) may be formulated as follows. We
calculate f(x) as a chain of transforms of the variables

x>y (x) >y (") > 2y YT > FM) =f(x)
(13)

so that the gradient is computed as a chain of consecu-
tive computations of the gradient of a complex func-

tion F{iyMlyV'(...{y’ly'(x)]}...)]} with respect to
the variables y™,y™ 7 ',...,x:

9

VNF->Vn-1F>. . . >VaF->V.F (14)

As will be shown later, every transform V xF >V k-1 F
takes as much time as the transform y*~' > y*, so that
the entire chain (14) may be computed in the same
time as the chain (13). Let us detail this.

Consider first a case where the function f(x) is
calculated as a chain of two superpositions:

x~>y(x)~> F(y)=f(x), (15)
such that f(x) = F[y(x)]where x=(x1, ..., X,),¥y(x) =

1(x), - -, ym(x)] and yi(x),..., ym(x) are preset
functions. Then

oflon= ¥ GFlamon/ox)  (16)

so that the transform V,F >V, F =V, f may be given
by

V.f=(8y/ox)"V,F. (17)
Here V,F =(3F/dy,,...,3F/dy,)" is the gradient of

F with respect to the variables y = (y, ..., ym), 9y/0x
is the Jacobian matrix
5 ay1/9x, 01/ 0%
y_( LT (18)
ox
ay,,,/axl aym/axn

and T means matrix transposition.

Analogously, in the case of a greater number of
superpositions [see (13)], the transform V«F > Ve F
in the chain (14) can be obtained by

V-1 F = (3y*/ay*™") T VyF,
where V4F =V F(y™{y" '[... Yy ...

(19)

Thus, the computation of an arbitrary function can
be reduced to a sequence of elementary operations
(addition, subtraction, multiplication, division) such
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that

=X,

rﬂ = xil,
“sTa)s (20)

L] rm rn+1),

I'n+1 =.fl(r1’ ..

T2 =fo(ry, ..

Faen =fn(r, ..o, FntN-1)s

which gives f(x)=r,.n. Here ry,...,rpen-y are
the results of intermediate computations and
fi(r1y ..., axj—y) are the corresponding elementary
operations, so that every f; depends on not more than
two arguments. The sequence (20) can be written as
the chain (13), if we introduce

Y (%) =[yi(x), ..., yre1(x)]

=[X1, ey Xn S1{X1, 000y Xn)]

YO =, ]
= [,V{(—l, cers yﬁ:—}(—-hﬁ((yf_lﬁ s yﬁ:}(—l)]'
(21)

The Jacobian matrix corresponding to the transform
V,«F - V-1 F in the chain (14) then assumes the form

1 0
oyt [0 T,
= 22
P L (22)
ay A aﬁ+k—-1

where
a¥=8fi(ry, ..., e/ 0053

k=1,...,Nandj=1,...,n+k—1,sothat there are
only two non-zero elements in the last row of matrix
(22). To compute the product of the matrix
(ay*/ay*™")T and the vector VF, we thus need two
multiplications and two additions, because all the
V,«F components except two will pass unchanged to
Vv, F. Hence, the computation of the entire chain
of N transforms in (14) can be evaluated by 2N
multiplications, whereas, as can be seen from (20),
the computation of f(x) requires N operations, only
half as much as the gradient computation.

2.2. Computation of V*fe and a derivative in direction

Several methods of minimization of f(x) require
computation of V’fe, where V2f is the matrix of
second derivatives and e is the vector. This problem
appears to be much more complicated than the

MACROMOLECULE ATOMIC MODEL REFINEMENT

gradient computation. In a number of protein struc-
ture refinements (Agarwal, 1981; Dodson, 1981: Hen-
drickson & Konnert, 1980), the vector V fe has been
computed by approximating the matrix V£, It should
however be emphasized that

sze=V( x ei(af/axi)), (23)
i=1

i.e. the product V2f is just the gradient of an auxiliary
function Y e;(3f/dx;), a derivative of f(x) in the e
direction. Therefore, as shown above, the vector V3fe
requires as much computation as

of/oe= 3. eaf/ox).

Now we show that the function f(x) has an equivalent
computational cost.
Note that

n

% a@MyVox)= ¥ & T (@f/o,)(@y/0x)

= § (i A (ayj/axi)) of/dy, (24)

j=1\i=1

i.e. the derivative of a complex function f(x) = Fly(x)]
in the e direction can be computed as a derivative of
the function F(y) in a new ¢’ direction given by

e’ = (3y/ox)e, (25)

where dy/dx is the Jacobian matrix (18). This implies
that if the algorithm for the computation of f(x) is
represented by the chain (13), the derivative in the e
direction can be obtained by differentiating a function
F(y"™) in a new e" direction resulting from the chain
of transforms

elsels...me", (26)
where

e =(ay*/ay ")e . (27)

Thus, if the computational algorithm is expanded
in elementary operations by (20), the matrices
ay*/ay*~! will take the form (22) with two non-zero
elements in the last row. Hence, in this application
the transform (27) will require two additions and two
multiplications so that the computational cost of the
chain (26) is proportional to that of f(x) with a small
proportionality constant.

Note also that sometimes it is more convenient that
the vector Vfe should be defined as the derivative
of a vector function Vf(x) in the e direction:

Vife= Y e(aVf/ox). (28)
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3. Application of the differentiation algorithm to
refinement of macromolecular structures

3.1. Fast computation of the function R(x)

We shall here apply the results obtained in § 2 to
the minimization of criteria of the type

R(f)= Y a(f&, fis9),

seS

(29)

where S is a given reflexion set; a(u, v;s) are preset
functions and f¥, f! are the real and imaginary parts
of structure factors (3). To be more precise, we shall
show how to compute VR and V’Re in much the
same time as R(f).

The Hermitian symmetry of structure factors of the
real function p(r) is

f(~s) =[f(s)]* (30)

(* is a complex conjugation), which implies that the
criteria a(u, v;s) should also be symmetric so that

(31)

This involves the corresponding symmetry of the
functions

a(u,—v;s)=a(u,v;s).

a,(u, v;s)=3da(u, v;s)/du (32)

and a(u, v;s)=2aa(u, v;s)/ov

such that

al(u’ v; S) al(u’ v; S), (33)
ay(u, —v; —s) = —ax(u, v;s).
We also assume that the set of reflexions S summar-
ized in (29) is symmetric about the origin.

As has already been shown, the construction of the
fast algorithm for the gradient computation may be
reduced to the fast computation of R[f(x)]. The
necessary structure factors may be calculated in two
ways. The first is to calculate f(s) by formulae derived
from (3) with analytical integration (see, for example,
Hendrickson & Konnert, 1980). The second requires
that only the values of the function p(r) at points of
the U grid of the unit cell should be calculated
analytically. The integral computation is then
replaced by the computation of an appropriate
integral sum:

f(s)=(V/nnn,) ZU p(r) exp[27i(s,1)], (34)

where the fast Fourier transform algorithm can be
used (Ten Eyck, 1973, 1977). Here n,, n, and n, are
the numbers of U-grid divisions. Since the last
equality is approximated, formally speaking, different
criteria can be obtained from (29) according to how
we calculate f(s). But with appropriately chosen grid
spacing and atomic radii, the difference between the
values calculated by (3) and (34) can be remarkably
reduced compared with the measurement error of
2. So, in practice we have no grounds to prefer the
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first way of computing f(s) to the second. At the same
time, the second method of structure factor calcula-
tion leads, for large molecules, to considerable
savings in computational time (Ten Eyck, 1977).

3.2. Gradient computation

In this section we shall show how the general fast
differentiation algorithm described in § 2.1 may be
realized to calculate a gradient V, R(x). As follows
from 3.1, the function R is computed as a chain of
superpositions:

X
generalized parameters;

q9=9q(x) (35)

parameters of the atoms contributing to the electron
density of the unit;

pe=p(r,q) =% p(r, q;) (36)
J
electron densities at grid points re U;
f&+ify=C T pexp[2mi(s,r)] (37
reU .
structure factors, s€ S; _
R=7Y a(f,fs,9). (38)

seS

According to the general scheme, we begin with
the computation of a gradient (FX, F') ={FZX, F{}, of
R with respect to £, fi:

Ff_-aR/af:z:al(ff’st’s),
F;=0R/ofs = ax(fS, f3:9),
where a;, and a, are defined by (32).

Then, applying (37), we may compute the com-
ponents P, of the gradient of R with respect to p,:

P,=04R/dp, = Zs {F:{af3'(p)/ 0.1+ Falof:(p)/ ap:1}

(39)

=C Y, [FR cos2m(s,r)+ F!sin2m(s, r)]

seS

=C Y (FE+iF]) exp[-2mi(s,1)],

geS

(40)

where S symmetry and equations FX,=FX Fl =
—F/ following from (33) have been used to derive
the last equation. As in (37), the algorithm of the fast
Fourier transform can be applied to calculate P..
The transform into a gradient Q={Q,} with
respect to q; gives by (36) the following equality:

Qe =9R/3qja = ZU P(9p:/ 3G;a)
= EZU Pr[apj(r’ q])/aq;u]' (41)

Note that in the last equality, as in (36), the summa-
tion is only carried out over points re U, where
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p;(r, q;) # 0, i.e. the amount of computation is propor-
tional to the number of atoms.

Finally, we can obtain a gradient X={X;} using
the generalized parameters

Xig =0R/0x1p = Z Qia[3gia(X)/x1s].  (42)

We do not specify the last transform, because the
dependences q(x) are not detailed. We mention only
that, as is shown in § 2.1, the last transform requires
computation proportional to that of the transform
(35). It is also worthwhile noting that the crystallo-
graphic symmetry allows more rapid transforms (37)
and (40).

If the criterion R assumes the form (4), the compu-
tational procedure is identical to Agarwal’s algorithm
(Agarwal, 1978, 1981). In this connection we should
make two essential remarks. Firstly, in contrast to
Diamond (1971) and Agarwal (1978), we have no
need to divide artificially the refineable atomic
parameters into different groups. Secondly, the trans-
forms (35)-(42) yield the accurate value of the
gradient of R where f(s,q) are derived from (34).
Some assumptions have been made to choose the
function, but once R(x) is selected, we have no need
for further assumptions to compute the gradient. It
follows in particular that the U grid and the atomic
radii are the same in (41) and (36), which contradicts
Agarwal’s considerations.

3.3. Calculation of a product Vi, Re.

Let @ ={wyz} be the prescribed direction in space
of the generalized parameters x = {xxg}. The series of
transforms obtained

{xis}~ {ga}~>{p:}~ {(f5 1)
>{F&, F}>{P}>{Qu}>{Xis} (43)
may be considered as the chain of superpositions (13)

in the computation of a set of functions Xz(x)=
OR(x)/dxxp. As the values

Qg =I§ wls[azR(X)/anﬁ 0x15]

=§ wta[axkﬁ(X)/aXm] (44)
are the derivatives of the functions Xz(x) in the @
direction, then, according to § 2.2, we have to con-
struct the chain of directions (26) in the new variables
on the basis of (43).

We start from the transform in the direction 1 = {/,.}
for the variables q={g;.}:

o = KZB wia[0gie (X)/ 3xxp]- (45)

Further, we construct the direction ={r,} in the
variables p={p,}:

7= X ha[3p(0)/9g.. 1= 9p;(r, q;)/ 01,
J

Jha

(46)
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i.e. the function {7},cy, is a ‘modified’ electron
density.

The transform into the direction (g, g") ={gX, g!}
in the variables (%, f) = {f&, fI} is given by

g5 =Y nloff(p)/dp]= C ¥, 7. cos 2m(s, 1),

T

gs =Y lafi(p)/dp]=C ¥, 7 sin 27 (s, ),

r

so that
gi+igi=C ¥ rexp[2mi(s,r)]

reU

are the structure factors of the modified density {r,},.
Now we should pass to the direction (G G')=
{GZX, GI} in the variables (F? F') ={FR, F!}:

G =T {goF (", 1')/ofF]
teS

+g[oF& (7, £1)/af 1T
=glan(fE, flis)+glan(fR, fLss),
Gy =Y {gfloF{(fR £')/afF]

teS
+g([aF{(f*, £')/af11}
=g5a12(f§afsl;s)+gsla22(st9st;s)’
where equations (39) are used and

(47)

(48)

ayi(u, v;8)=0’a(u, v;s)/ou’,
a;(u, v;s)=0%a(u, v;s)/du Jv,
ax(u, v;s)=0%a(u, v;s)/ v

Note that on account of the general theory of § 2.2,
the transform

fR, fl, gR’ gl - FR, F‘, GR, Gl
requires as much computation as that of (f%, f') into
R(f® ') even for an arbitrary function R, which is
not necessarily of the form (38).
Applying (40), we obtain the direction T={T,} in
the variables P={P,} expressed as

T,=Y {G[8P(F*, F")/9F{]

+ G.[aP.(F*, F')/oFl]}
=C Y (GX+iG!) exp[-2mi(s, r)). (49)

To pass from the direction (T, 1) in the variables
(P, q) to the direction L in the variables Q, we should
take into consideration that in (41) the values Qe
depend not only on the variables { P,} but also on the
variables g, so that this transform may be given by

Lfa = Z Tf[ana(P’ q)/aPr]
+ EB Lgl0Q;e (P, q)/ 0qxs]
=2 {Tlop;(r, q;)/3g;.]

+ Pr% ljB[azpj(r’ q,-)/aq;a a%’p]}- (50)
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Note that, as follows from § 2, the values {3p;/3Gja}«
and {}, l_iﬁ(azpj/ 09« 9gjz)}. can be computed as fast
as the values p;(r, q;).

Similarly, passing from the direction (L, @) in the
variables (Q, x) to the direction {2 in the variables
X, we have by (42) the following equation:

e = ¥ {Lia[0ga (X)/ 9x18]

+Qia L 0[8°Gia (X)/ 38X OXiy 1} (51)

It should be emphasized that, in contrast to Agarwal
(1981), Dodson (1981) and Hendrickson & Konnert
(1980), who have made approximations for the matrix
H =V?,R(q), we obtain by (43)-(51) an absolutely
accurate product V3, Re without further assumptions
for the elements of the matrix VR,

3.4. Résumé

Thus, we have shown that for any method of
describing an atomic model by generalized para-
meters and for every minimized function R(x) an
algorithm may be obtained that allows R(x) and the
derivative in the direction dR(x)/dw as well as all
the components of the vectors V,R and Vi, Re to
be computed in four times the time needed to calcu-
late the value of R(x). Given the model and refine-
ment criteria, we must only specify the transforms

x~>q(x) and {fX,fI}>R

It should be noted that the criteria expressed by
atomic parameters (criterion Rs) can be estimated in

Acta Cryst. (1985). Ad1, 333-340
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a similar way, but the procedure in this case is greatly
simplified: once the values of q have been determined,
the criterion can be calculated without the transform
q->p-> (5, 17).

The authors are grateful to K. V. Kim and Yu. A.
Nesterov for the fast differentiation algorithm, which
made a principal impact on the present paper. The
authors also thank V. V. Borisov, A. A. Vagin and
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Abstract

Tests of the distribution fitting methods for cen-
trosymmetric structures show that these methods can
be used successfully for the search of a correct sol-
ution in direct methods. To get good resolving power,

*This research was carried out when the first author was a
visiting scientist at the University of Amsterdam.
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different types of seminvariants (3. ,, triplets, quartets)
should be used, as is done in other methods.

1. Introduction

The power of direct methods for solving the phase
problem is dependent on the information about the
structure that is contained in the structure invariants
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